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Cosmological Perturbations in Non-Commutative Inflation
Seoktae Koh∗ and Robert H. Brandenberger†
Physics Department, McGill University, Montre´al, Q.C., H3A 2T8, Canada
We compute the spectrum of cosmological perturbations in a scenario in which inflation is driven
by radiation in a non-commutative space-time. In this scenario, the non-commutativity of space
and time leads to a modified dispersion relation for radiation with two branches, which allows
for inflation. The initial conditions for the cosmological fluctuations are thermal. This is to be
contrasted with the situation in models of inflation in which the accelerated expansion of space is
driven by the potential energy of a scalar field, and in which the fluctuations are of quantum vacuum
type. We find that, in the limit that the expansion of space is almost exponential, the spectrum
of fluctuations is scale-invariant with a slight red tilt. The magnitude of the tilt is different from
what is obtained in a usual inflationary model with the same expansion rate during the period of
inflation. The amplitude also differs, and can easily be adjusted to agree with observations.
PACS numbers: 98.80.Cq
I. INTRODUCTION
Various approaches to quantum gravity indicate that
the effective field theory which emerges below the cut-
off scale will be non-commutative. For example, in the
context of string theory, one of the reasons for non-
commutativity is that the basic objects which underlie
the quantum theory are strings rather than point parti-
cles. A concrete formulation of this non-commutativity
comes from the “stringy space-time uncertainty rela-
tion” of [1, 2]. In the matrix theory approach to non-
perturbative string theory, spatial coordinates arise in
a certain limit from matrices which are non-commuting
[3, 4, 5]. This leads to space-space non-commutativity.
The most promising arena to probe the fundamental
non-commutativity of space-time on microscopic scales is
cosmology. The reason is that, according to our present
understanding, the seeds for the currently observed struc-
ture of the universe on large scales were laid down in the
very early universe when the length scales which we probe
today in cosmology were microscopic and thus subject to
the modifications in the dynamics which arise due to the
non-commutativity.
The inflationary universe scenario is the current
paradigm for early universe cosmology [6] (see also
[7, 8, 9]). According to this scenario, the universe experi-
ences a period of accelerated expansion in its early stages.
Often, the expansion is close to exponential, or it is de-
scribed by the scale factor a(t) expanding as a large power
p > 1 of time t. This accelerated expansion leads to the
possibility of a causal structure formation scenario, as
first discussed in [10] (see also [8, 11, 12]). Figure 1 pro-
vides a space-time sketch illustrating the basic idea. Dur-
ing the period of acceleration, fixed comoving scales are
stretched beyond the Hubble radius H−1. Fluctuations
on these scales can become the seeds for the presently
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observed large-scale structure and the anisotropies in the
cosmic microwave background.
By the same argument, however, we can argue [13]
that fluctuations on currently observed scales had a wave-
length during the early stages of inflation which was so
small that effects of Planck-scale physics will be opera-
tive and leave an imprint on the initial evolution of the
fluctuations, effects which are preserved until late times
by the linear evolution of the fluctuations. Initial studies
of effects of trans-Planckian physics on current observa-
tions in the context of inflationary cosmology made use
of ad hoc modified dispersion relations for the fluctua-
tion modes [14]. These initial studies were followed by
specific investigations of the effects of space-space [15]
and space-time [16] non-commutativity. All of the works
referenced in this paragraph were based on the current
models of inflation in which it is assumed that inflation
is driven by the potential energy of a scalar matter field.
In this context, any pre-existing classical fluctuations at
the beginning of the phase of inflation are red-shifted,
leaving behind a quantum vacuum. Hence, it was pos-
tulated that the currently observed fluctuations are the
result of the non-trivial evolution of quantum vacuum
perturbations (see e.g. [17] for a comprehensive review
of the theory of cosmological perturbations, and [18] for
a pedagogical introduction).
Non-commutativity of space-time or space-space leads
to deformed dispersion relations (see e.g. [19]).
Whereas space-space non-commutativity introduces
anisotropy into the dispersion relations, space-time non-
commutativity leads to dispersion relations which pre-
serve isotropy. In [20] a class of deformed dispersion re-
lation for ordinary radiation resulting from space-time
non-commutativity was studied. This dispersion relation
has a maximal momentum, and it has two branches (two
values of frequency for fixed momentum). In [21] it was
pointed out that this dispersion relation makes it possible
to obtain a period of inflation driven by non-commutative
radiation. Typically, one obtains power-law inflation, in-
flation driven by the radiation itself. In [21], an order
of magnitude estimate of the amplitude of the resulting
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FIG. 1: Space-time sketch depicting the expansion of
fixed comoving scales in inflationary cosmology. The
horizontal axis represents the physical distance, the
vertical axis time. The time tR denotes the transition
time between the inflationary phase and the radiation
phase of standard cosmology. The curves corresponding
to the physical wavelengths of two comoving scales with
comoving wavenumbers k1 and k2 are labelled by their
wavenumbers. The solid line indicates the sound
horizon (up to an irrelevant constant equal to the
Hubble radius), the dashed line is the thermal
correlation length. Note that the slopes of these two
curves are different.
cosmological fluctuations was given. In this paper, we
present a detailed study of the spectrum of cosmological
perturbations in this model of non-commutative infla-
tion. In contrast to the conventional models of inflation
where the fluctuations are of quantum vacuum origin, in
our model they are due to thermal fluctuations [31]. In
this aspect, our model has analogies with the “warm in-
flation” scenario [25] in which the fluctuations are also of
thermal origin.
The following Section provides a brief review of the
non-commutative inflation scenario of [20, 21]. Section
3 gives a summary of the key equations which describe
the evolution of cosmological fluctuations which we will
make use of. In Section 4, we present the computation
of the spectrum of scalar metric perturbations, based on
thermal initial values for the fluctuations. We conclude
with a brief discussion.
II. NON-COMMUTATIVE INFLATION
In the case of massless particles, the non-
commutativity of space-time leads to modifications
of the usual linear dispersion relation which take the
form
E2 − p2c2f(E)2 = 0 (1)
with
f(E) = 1 + (λE)α . (2)
In the above, p and E denote momentum and energy,
respectively, α is a positive constant, and λ is a length
scale whose physical meaning is the following: solving
(2) for the momentum p, we see immediately that for
α ≥ 1 there is a maximal momentum pmax whose value
is determined by λ. For example, for α = 1 the maximal
momentum is pmax = 1/(cλ).
For α > 1, there are two values of the energy E for any
momentum - the dispersion relation has two branches.
On the upper branch, the energy increases as the momen-
tum decreases, which is what happens when the universe
expands. It is this property which is crucial in order to
realize that modified dispersion relations with α > 1 can,
at least for a certain range of values of α, lead to inflation
driven by ordinary radiation.
The modification of the dispersion relation leads to
a deformed thermal spectrum [20] due to the changing
density of states
ρ(E) =
1
pi2~3c3
E3
eβE − 1
1
f3
∣∣∣∣1− f ′Ef
∣∣∣∣ , (3)
where ρ(E) denotes the energy density (per unit E) and
β is the inverse temperature [32]. In the high energy
limit, f ′E/f ≃ α. The high energy Stephan-Boltzmann
equation takes the form ρ ∝ T γ with 1 < γ < 4 where
γ = 4 for α = 0 and γ = 1 for α ≥ 1.
The equation of state which follows from the modified
dispersion relation is given by
P = 1
3
∫
ρ(E)dE
1− f ′E
f
, (4)
where P stands for the pressure. This is approximated
in the high energy limit by
w(ρ→∞) ≃ 1
3(1− α) , (5)
where w = P/ρ is the usual equation of state parame-
ter. For α > 1, the equation of state parameter w takes
on negative values and it is possible to have inflation-
ary expansion with −1 ≤ w < −1/3 for temperatures
T ≫ 1/λ.
The Friedmann and energy conservation equations are(
a˙
a
)2
=
8pi
3Mp
ρ, (6)
ρ˙ = −3 a˙
a
(1 + w)ρ
3and its solutions are given for a constant equation of state
parameter by
ρ ∝ a−3(1+w) ∼ a− 4−3α1−α
a(t) ∝ t 23(1+w) ∝ η 21+3w (7)
These show power law inflation (−1 ≤ w < −1/3) for
values of α in the range 4/3 ≤ α < 2 [33]. For α ≃
4/3 we have almost exponential inflation. Note that for
1 < α < 4/3, non-commutative radiation at T ≫ 1/λ
behaves like phantom matter (w < −1). Inflation ends
at time tR when there are no more excited states on the
top branch of the dispersion relation.
III. KEY TOOLS OF THE THEORY OF
COSMOLOGICAL PERTURBATIONS
In this section we will list the key equations from the
theory of cosmological perturbations which will be used.
We work in longitudinal gauge in which the metric takes
the form
ds2 = a2[−(1 + 2Φ)dη2 + (1 − 2Ψ)γijdxidxj ] , (8)
where a(η) is the scale factor, η being conformal time,
and the functions Φ and Ψ describe the scalar metric
fluctuations and thus depend on space and time. At the
linearized level, the perturbed Einstein equations can be
written as [17]
3H2Φ + 3HΨ′ −∇2Ψ = −4piGa2δT 00, (9)
(HΦ+Ψ′),i = 4piGa2δT 0i, (10)
[(2H′ +H)Φ +HΦ′ + Ψ′′ + 2HΨ′] + 1
2
∇2(Φ−Ψ)
= −4piGa2δT ii, (11)
(Φ−Ψ),i,j = −4piGa2δT ij , (i 6= j) . (12)
In the above, G denotes Newton’s gravitational constant
and H = a′/a, a prime denoting the derivative with re-
spect to η.
Since there is no anisotropic stress, one degree of free-
dom for scalar metric fluctuations disappears and we can
set Φ = Ψ [17]. Eqs. (9) and (11) can then be combined
to give
Φ′′ + 3H(1 + c2s)Φ′ + c2sk2Φ
+ (2H′ + (1 + 3c2s)H2)Φ = 0 , (13)
where we have used δP = c2sδρ. As is well known, as long
as the equation of state is not changing, then on scales
larger than the sound horizon one of the solutions of the
above equation tends to a constant, the other is decaying.
Thus, to know the power spectrum of Φ at late times on
scales larger than the sound horizon, it is sufficient to
evaluate the amplitude of the k’th mode of Φ when the
wavelength is equal to the sound horizon.
Introducing a variable v (in terms of which the action
for cosmological perturbations has canonical kinetic term
[26, 27]) via
Φ = 4piG
√
ρ+ P z
k2cs
(v
z
)′
, (14)
the equation of motion for scalar metric perturbations
takes the simple form
v′′ +
(
k2c2s −
z′′
z
)
v = 0 , (15)
where
z =
a
√
ρ+ P
Hcs . (16)
If the equation of state does not change in time, then the
variable z is proportional to the scale factor a.
If the equation of state changes, as it does at the end of
the phase of inflation, Φ is not constant. Fortunately, for
purely adiabatic perturbations there is a quantity which
is conserved on scales larger than the sound horizon. This
quantity is [28, 29]
ζ ≡ Φ + 2
3
(
H−1Φ˙ + Φ
)
1 + w
. (17)
Considering a transition between the period of radiation-
driven inflation to the post-inflationary phase of regular
radiation with w = 1/3, the conservation of ζ implies
Φf =
(2
3
+
4
3(1 + w)
)
Φi , (18)
where Φi is the super-horizon value of Φ during the ini-
tial period and Φf is its final value during the radiation
phase of standard cosmology. Thus, the final spectrum of
Φ is related to the initial spectrum by a scale-independent
multiplicative factor F , which in the case of observation-
ally viable backgrounds for which w is close to −1 is
approximately
F ≃ 4
3(1 + w)
. (19)
In the following we will compute the spectrum of cos-
mological perturbations assuming that their origin is
thermal. The correct variable to consider in this con-
text is v. The first justification is that it is this variable
which enters the action for cosmological perturbations
in the canonical way, and in terms of which concepts
like particle number are well-defined. A second reason is
that on sub-Hubble scales, the variable v for scalar field
matter reduces to the matter field fluctuation (multiplied
by the scale factor). Hence, the concept of “number of
quanta of v” reduces to the concept of the number of field
fluctuation quanta [34].
We will assume that the evolution equation for v
is not modified by the underlying space-time non-
commutativity. This is well justified provided that the
4wavelengths we are interested in are much larger than
the minimal length λ. On scales larger than the Hubble
radius this is always the case. If we consider tempera-
tures T smaller than λ−1, then we are safe for both sets
of initial conditions we consider (see below).
IV. DENSITY PERTURBATION IN
NON-COMMUTATIVE INFLATION
The key question which has to be addressed is on what
scale the initial conditions should be imposed. On a fixed
comoving scale, it should be the time after which that
scale ceases to be in thermal equilibrium. There are two
possibilities: the Hubble scale (beyond which causality
prohibits local causal interactions [30]) or else the ther-
mal correlation length T−1. In the following, we will
adopt the latter prescription. This means that for a fixed
scale k, we will fix the fluctuations of the canonical vari-
able v to have a thermal equilibrium number at the time
ηi(k) given by
T−1(ηi(k)) = a(ηi(k))/k . (20)
The starting point of the analysis is the quantization
of the linear cosmological perturbation variable v. This
variable is expanded into creation and annihilation oper-
ators a†k and ak in the standard way. Thus, for a fixed k,
the state |θ〉 at time ηi(k) is determined by
〈θ|Nˆk|θ〉 = 〈θ|a†kak|θ〉 = nk , (21)
where Nˆk = a
†
kak is the number operator, and the expec-
tation value nk is set by the Bose-Einstein distribution
nk =
1
e
E
aT − 1 . (22)
In order to connect to observations, we need to com-
pute the power spectrum of the relativistic potential Φ.
Making use of (14), this power spectrum is given by
PΦ(k) ≡ k
3
2pi2
〈θ|Φ∗kΦk|θ〉
=
1
M4p
8(ρ+ p)z2
kc2s
〈
θ
∣∣∣∣∣
(
v∗k
z
)′ (vk
z
)′∣∣∣∣∣ θ
〉
(23)
It is convenient to use the Heisenberg picture to quan-
tize the system especially when the vacuum is time-
dependent. In this picture, the operators evolve with
time, but the states do not. The operators vk and their
conjugate momenta pik which are given by
pik = v
′
k −
z′
z
vk (24)
can be written in terms of creation and annihilation op-
erators as
vk(η) =
1√
2kcs
[ak(η) + a
†
−k(η)],
pik(η) = −i
√
kcs
2
[ak(η) + a
†
−k(η)] , (25)
where we have used
a′k = i[ak, Hk] (26)
and similarly for a†k, and the Hamiltonian Hk is given by
Hk =
∫
d3k
1
2
[
k(aka
†
k + a
†
kak) + i
z′k
zk
(a†ka
†
−k − aka−k)
]
.
(27)
The annihilation and creation operators at time η are
related to those at the initial time ηi by the Bogoliubov
transformation
ak(η) = αk(η)ak(ηi) + βk(η)a
†
−k(ηi), (28)
a†−k(η) = α
∗
k(η)a
†
−k(ηi) + β
∗
k(η)ak(ηi) ,
where αk and βk are the Bogoliubov coefficients which
satisfy the relation |α|2 − |β|2 = 1. Substituting these
relations into Eqs. (25) yields
vk(η) = fk(η)ak(ηi) + f
∗
k (η)a
†
−k(ηi), (29)
pik(η) = −i[gk(η)ak(ηi) + g∗k(η)a†−k(ηi)] ,
where
fk(η) =
1√
2kcs
(αk(η) + β
∗
k(η)),
gk(η) =
√
kcs
2
(αk(η)− β∗k(η))
= i
(
f ′k −
z′
z
fk
)
, (30)
and fk is a solution of the mode equation (15).
From Eqs. (7) and (16) it follows that
z′′
z
=
a′′
a
=
ν2 − 1/4
η2
, (31)
where
ν2 − 1
4
=
2(1− 3w)
(1 + 3w)2
. (32)
The mode equation then has the following solution
fk(η) = Ak
√−ηJν(−kcsη) +Bk
√−ηYν(−kcsη) (33)
where Jν and Yν are Bessel functions of the first and
second kind, respectively. From Eq.(30), we then obtain
gk(η) = −ikcs
√−η(AkJν−1(−kcsη)+BkYν−1(−kcsη)) .
(34)
Note that for α = 4/3 (w = −1) we have ν2− 1/4 = 2,
and thus the mode functions fk can be written as
fk(η) =
Ak√
2kcs
e−ikcsη
(
1− i
kcsη
)
+
Bk√
2kcs
eikcsη
(
1 +
i
kcsη
)
. (35)
5and
gk(η) = Ak
√
kcs
2
e−ikcsη −Bk
√
kcs
2
eikcsη . (36)
We can obtain the results in terms of αk and βk using
Eq.(30):
αk =
√
−kcsη
2
[Ak(Jν(−kcsη)− iJν−1(−kcsη))
+Bk(Yν(−kcs)− iYν−1(−kcsη))],
β∗k =
√
−kcsη
2
[Ak(Jν(−kcsη) + iJν−1(−kcsη))
+Bk(Yν(−kcsη) + iYν−1(−kcsη))] (37)
The normalization condition for αk and βk implies that
AkB
∗
k −A∗kBk = −i
pi
2
. (38)
Since β∗k(ηi) = 0 at the initial time ηi, we obtain
Ak = −Yν(−kcsηi) + iYν−1(−kcsηi)
Jν(−kcsηi) + iJν−1(−kcsηi)Bk (39)
from which it follows that
|Ak|2 = −pi
2
8
kcsηi(Y
2
ν (−kcsηi) + Y 2ν−1(−kcsηi)),
|Bk|2 = −pi
2
8
kcsηi(J
2
ν (−kcsηi) + J2ν−1(−kcsηi)),
AkB
∗
k = −i
pi
4
+
pi2
8
kcsηi(Jν(−kcsηi)Yν(−kcsηi)
+Jν−1(−kcsηi)Yν−1(−kcsηi)). (40)
The power spectrum of the perturbation variable Φ at
a late time η resulting from taking thermal initial condi-
tions at the times ηi(k) can now be calculated as follows:
PΦ(k, η) =
1
M4p
8(ρ+ p)z2
kc2s
〈
θ
∣∣∣∣∣
(
v∗k
z
)′ (vk
z
)′∣∣∣∣∣ θ
〉
=
1
M4p
8(ρ+ p)
kc2s
〈θ|pi∗kpik|θ〉
=
1
M4p
8(ρ+ p)
kc2s
|gk|2(2nk(ηi) + 1) (41)
=
1
M4p
8(ρ+ p)
kc2s
|gk|2 coth
(
kcs
aiTi
)
=
8(ρ+ p)kη
M4p
coth
(
kcs
aiTi
)
[|Ak|2J2ν−1(−kcsη) + |Bk|2Y 2ν−1(−kcsη)
+(AkB
∗
k +A
∗
kBk)Jν−1(−kcsη)Yν−1(−kcsη)]
where ai = a(ηi(k)) and Ti = T (ηi(k)), and the functions
are evaluated at the time η unless indicated otherwise. To
go from the first to the second line, we have used (24), to
go from the second to the third line (25) and (21), from
the third to the fourth line (22), and in the last step
(34). Inserting the values of the coefficients from (40) we
obtain
PΦ(k) =
pi2(ρ+ p)k2c2sηηi
M4p cs
coth
(
kcs
aiTi
)
[−(Y 2ν (−kcsηi) + Y 2ν−1(−kcsηi))J2ν−1(−kcsη)
−(J2ν (−kcsηi) + J2ν−1(−kcsηi))Y 2ν−1(−kcsη)
+2(Jν(−kcsηi)Yν(−kcsηi)
+Jν−1(−kcsηi)Yν−1(−kcsηi))
Jν−1(−kcsη)Yν−1(−kcsη)] . (42)
Since Φ is constant on super-sound horizon scales, it
is sufficient to evaluate PΦ(k) at sound-horizon crossing
ηh(k) and to take Φ to be constant after that.
If we impose thermal initial conditions at sound hori-
zon crossing, then ηi(k) = ηh(k) and kcsηi = kcsηh = 1.
Thus, up to constants of order unity, the amplitude of
the power spectrum is given by
PΦ(k) ∼ F pi
2(1 + w)ρ(ηh(k))
M4p
, (43)
where F is the factor (19) relating the amplitude of the
power spectrum during the inflationary phase to that in
the post-inflationary radiation phase of Standard Cos-
mology. The spectral index is
n− 1 = d lnPΦ(k)
d ln k
=
d ln ρ(k)
d ln k
=
6(1 + w)
1 + 3w
. (44)
This gives a scale invariant spectrum in the limit w → −1
with a slight red tilt. The tilt is the same as what is
obtained in scalar field-driven commutative inflation with
the same expansion rate.
This choice for initial conditions is, however, not nat-
ural because thermal equilibrium will not be maintained
on scales larger than the thermal correlation length.
Thus, we go on to consider the more natural choice
ηi < ηh with ηi(k) given by when the scale k equals
the thermal correlation length. Since kcs = aiTi =
a(ηh)H(ηh), the amplitude of the power spectrum then
becomes
PΦ(k) ∼ F (1 + w)ρ
M4p
Ti
Hi
(45)
where we have used ηi ≃ a−1i H−1i . Note that the am-
plitude obtained with this prescription for setting initial
conditions is larger than what was obtained using the pre-
vious recipe, the reason being that in order to maintain
thermal equilibrium number of modes while the physical
momentum is decreasing, the mode occupation number
needs to decrease via interactions. This does not happen
in the second prescription. Note also that the amplitude
of the spectrum obtained with this second prescription
agrees with the heuristic estimate of [21].
6If we use the following relations
kcs = aiTi ∼ aiρi ∼ a−2−3wi ,
ai ∼ η
2
1+3w
i , ηi ∼ k−
1+3w
2(2+3w) , (46)
then the spectral index of the cosmological fluctuations
becomes
n− 1 = d lnPΦ(k)
d ln k
=
9(1 + w)(3 + 5w)
2(1 + 3w)(2 + 3w)
. (47)
This also gives a scale invariant spectrum in the limit
w → −1 with a slightly red tilt. Note, however, that
the magnitude of the tilt differs from what is obtained
in scalar field-driven inflation with the same power law
expansion of the scale factor. Note that we can also get
a blue tilted spectrum in the limit w → − 35 for the range−2/3 < w < −3/5.
V. DISCUSSION
We have computed the spectrum of cosmological per-
turbations in the non-commutative inflation model of
[21], in which the accelerated expansion of space is gen-
erated by the modified dispersion relation of ordinary
radiation. The dispersion relation has two branches, i.e.
two values of the frequency for every wavenumber. The
upper branch of the dispersion relation has increasing fre-
quency as k decreases, this being the key property which
leads to inflation. In the context of this model of infla-
tion, the cosmological fluctuations are of thermal origin -
they are the thermal equilibrium fluctuations of the same
radiation fluid which generates inflation.
We discuss two prescriptions for setting up initial con-
ditions. In the first, we set up the cosmological fluctua-
tions mode by mode with thermal occupation numbers at
the times when the modes exit the Hubble radius. In the
second prescription, the modes are initialized with ther-
mal occupation numbers at the times when their wave-
lengths equal the thermal correlation length. We believe
that this second prescription is the more realistic one,
since on scales larger than the thermal correlation length
the interactions are not likely able to maintain thermal
occupation numbers.
Both prescriptions for initial conditions lead to a spec-
trum of fluctuations which is scale-invariant in the limit
in which the expansion of space becomes exponential. For
nearly exponential expansion the spectrum has a slight
red tilt. We have computed the amount of the red tilt.
For the choice of initial conditions which we believe are
realistic in the context of model of inflation, the tilt has
a different numerical value compared to the result for
vacuum initial conditions in a scalar field-driven com-
mutative inflation model with the same expansion rate.
The amplitude of the spectrum is different from what is
obtained in regular inflation models with the same back-
ground expansion history.
Our model is not the first inflationary model in which
thermal rather than quantum vacuum initial conditions
are the source of the inhomogeneities. The warm in-
flation [25] scenario also has dominant thermal fluctu-
ations. However, in warm inflation the acceleration of
the background is generated by a commutative scalar
field rather than by non-commutative radiation. Ther-
mal rather than vacuum fluctuations also play a crucial
role in the recently discovered string gas structure forma-
tion scenario [23, 24]. In this scenario, the fluctuations
are of string thermodynamic origin rather than given by
point particle thermodynamics.
The possibility of thermal fluctuations as the source of
an almost scale-invariant spectrum has also been studied
in [22]. However, in that work a regular dispersion re-
lation for radiation was assumed. Hence, no accelerated
expansion resulted, and it was not possible to generate a
nearly scale-invariant spectrum in a cosmological back-
ground in which the universe was always expanding.
Our work yields a confirmation of the fact that in in-
flationary cosmology, the accelerated expansion of space
makes it possible to probe Planck-scale physics in current
observations via the induced signals in the spectrum of
cosmological perturbations.
Acknowledgments
S.K. was supported by the Korea Re-
search Foundation Grant funded by the Korean
Government(MOEHRD)(KRF-2006-214-C00013). This
work was supported in part by an NSERC Discovery
Grant to R.B., by a FQRNT Team Grant, and by funds
from the Canada Research Chair program.
[1] T. Yoneya, “On The Interpretation Of Minimal Length
In String Theories,” Mod. Phys. Lett. A 4, 1587 (1989).
[2] M. Li and T. Yoneya, “Short-distance space-time struc-
ture and black holes in string theory: A short review of
the present status,” hep-th/9806240.
[3] S. R. Das and A. Jevicki, “String Field Theory and Phys-
ical Interpretation of D = 1 Strings,” Mod. Phys. Lett.
A 5, 1639 (1990).
[4] T. Banks, W. Fischler, S. H. Shenker and L. Susskind,
“M theory as a matrix model: A conjecture,” Phys. Rev.
D 55, 5112 (1997) [arXiv:hep-th/9610043].
[5] N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya,
“A large-N reduced model as superstring,” Nucl. Phys.
B 498, 467 (1997) [arXiv:hep-th/9612115].
[6] A. H. Guth, “The Inflationary Universe: A Possible So-
lution To The Horizon And Flatness Problems,” Phys.
7Rev. D 23, 347 (1981).
[7] A. A. Starobinsky, “A New Type Of Isotropic Cosmolog-
ical Models Without Singularity,” Phys. Lett. B 91, 99
(1980).
[8] K. Sato, “First Order Phase Transition Of A Vacuum
And Expansion Of The Universe,” Mon. Not. Roy. As-
tron. Soc. 195, 467 (1981).
[9] R. Brout, F. Englert and E. Gunzig, “The Creation
Of The Universe As A Quantum Phenomenon,” Annals
Phys. 115, 78 (1978).
[10] V. F. Mukhanov and G. V. Chibisov, “Quantum Fluctu-
ation And ’Nonsingular’ Universe. (In Russian),” JETP
Lett. 33, 532 (1981) [Pisma Zh. Eksp. Teor. Fiz. 33, 549
(1981)].
[11] A. A. Starobinsky, “Spectrum Of Relict Gravitational
Radiation And The Early State Of The Universe,” JETP
Lett. 30, 682 (1979) [Pisma Zh. Eksp. Teor. Fiz. 30, 719
(1979)].
[12] W. Press, Phys. Scr. 21, 702 (1980).
[13] R. H. Brandenberger, “Inflationary cosmology: Progress
and problems,” publ. in proc. of IPM School On
Cosmology 1999: Large Scale Structure Formation,
arXiv:hep-ph/9910410.
[14] R. H. Brandenberger and J. Martin, “The robust-
ness of inflation to changes in super-Planck-scale
physics,” Mod. Phys. Lett. A 16, 999 (2001),
[arXiv:astro-ph/0005432];
J. Martin and R. H. Brandenberger, “The trans-
Planckian problem of inflationary cosmology,”
Phys. Rev. D 63, 123501 (2001), [arXiv:hep-th/0005209].
[15] C. S. Chu, B. R. Greene and G. Shiu, “Re-
marks on inflation and non-commutative ge-
ometry,” Mod. Phys. Lett. A 16, 2231 (2001),
[arXiv:hep-th/0011241];
R. Easther, B. R. Greene, W. H. Kinney and G. Shiu,
“Inflation as a probe of short distance physics,”
Phys. Rev. D 64, 103502 (2001), [arXiv:hep-th/0104102];
R. Easther, B. R. Greene, W. H. Kinney and G. Shiu,
“Imprints of short distance physics on inflation-
ary cosmology,” Phys. Rev. D 67, 063508 (2003),
[arXiv:hep-th/0110226];
F. Lizzi, G. Mangano, G. Miele and M. Peloso, “Cos-
mological perturbations and short distance physics from
noncommutative geometry,” JHEP 0206, 049 (2002)
[arXiv:hep-th/0203099];
S. F. Hassan and M. S. Sloth, “Trans-Planckian effects
in inflationary cosmology and the modified uncer-
tainty principle,” Nucl. Phys. B 674, 434 (2003),
[arXiv:hep-th/0204110].
[16] R. Brandenberger and P. M. Ho, “Noncommutative
spacetime, stringy spacetime uncertainty principle, and
density fluctuations,” Phys. Rev. D 66, 023517 (2002).
[17] V. F. Mukhanov, H. A. Feldman and R. H. Branden-
berger, “Theory Of Cosmological Perturbations. Part 1.
Classical Perturbations. Part 2. Quantum Theory Of Per-
turbations. Part 3. Extensions,” Phys. Rept. 215, 203
(1992).
[18] R. H. Brandenberger, “Lectures on the theory of cosmo-
logical perturbations,” Lect. Notes Phys. 646, 127 (2004)
[arXiv:hep-th/0306071].
[19] A. Kempf, “Mode generating mechanism in infla-
tion with cutoff,” Phys. Rev. D 63, 083514 (2001)
[arXiv:astro-ph/0009209].
[20] S. Alexander and J. Magueijo, “Non-commutative geom-
etry as a realization of varying speed of light cosmology,”
arXiv:hep-th/0104093.
[21] S. Alexander, R. Brandenberger and J. Magueijo, “Non-
commutative inflation,” Phys. Rev. D 67, 081301 (2003)
[arXiv:hep-th/0108190].
[22] J. Magueijo and L. Pogosian, “Could thermal fluctua-
tions seed cosmic structure?,” Phys. Rev. D 67, 043518
(2003) [arXiv:astro-ph/0211337].
[23] A. Nayeri, R. H. Brandenberger and C. Vafa, “Producing
a scale-invariant spectrum of perturbations in a Hage-
dorn phase of string cosmology,” Phys. Rev. Lett. 97,
021302 (2006) [arXiv:hep-th/0511140].
[24] R. H. Brandenberger, A. Nayeri, S. P. Patil and C.
Vafa, “String gas cosmology and structure formation,”
arXiv:hep-th/0608121.
[25] A. Berera, “Warm Inflation,” Phys. Rev. Lett. 75, 3218
(1995) [arXiv:astro-ph/9509049].
[26] V. F. Mukhanov, “Quantum Theory Of Gauge Invariant
Cosmological Perturbations,” Sov. Phys. JETP 67, 1297
(1988) [Zh. Eksp. Teor. Fiz. 94N7, 1 (1988 ZETFA,94,1-
11.1988)].
[27] M. Sasaki, “Large Scale Quantum Fluctuations In The
Inflationary Universe,” Prog. Theor. Phys. 76, 1036
(1986).
[28] J. M. Bardeen, P. J. Steinhardt and M. S. Turner, “Spon-
taneous Creation Of Almost Scale - Free Density Pertur-
bations In An Inflationary Universe,” Phys. Rev. D 28,
679 (1983).
[29] R. H. Brandenberger and R. Kahn, “Cosmological Per-
turbations In Inflationary Universe Models,” Phys. Rev.
D 29, 2172 (1984).
[30] J. H. Traschen, “Constraints On Stress Energy Pertur-
bations In General Relativity,” Phys. Rev. D 31, 283
(1985).
[31] See also [22] for a study of thermal fluctuations in the
context of general cosmological models, and [23, 24] for a
new structure formation scenario based on string gas cos-
mology which makes use of string thermodynamic fluc-
tuations.
[32] The overall energy density is denoted by ρ.
[33] The full numerical solution of [21] shows that this range
of α values shrinks at the upper end compared to what
is obtained using the above approximate analysis.
[34] Note also that v is related to the curvature perturbation
R in comoving gauge as v = zR.
